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Let T be a rooted tree structure with n nodes 01, . . . . u,. A function f: {at, . . . . a,} into 
{ 1 < ... <k} is called monotone if whenever a; is a son of Uj, then f(ai) rf(aj). The average 
number of monotone bijections is determined for several classes of tree structures. If k is fixed, 
for the average number of monotone functions asymptotic equivalents of the form c.p -‘VI -3’* 
(n-m) are obtained for several classes of tree structures. 
1. Introduction 
Let T be a rooted tree structure with n nodes al, . . ..a.. A functionf: {a,, . . ..a.} 
into the chain {1<2<... <k} is called monotone if whenever ai is a son of aj, then 
f(ai) >f(aj). If k = n and f is a bijection, it is called a monotone bijection. 
In Sections 2-5 we consider monotone bijections: For the classes of t-ary and 
ordered trees we study the average number of monotone bijections, where all trees 
with n nodes are assumed to be equally likely. 
The same discussion for the case of rooted trees is not so easy to handle; we hope 
to do this in the future. 
The concept of monotone functions (especially bijections) is in accordance with 
monotone mappings on posets (see [l]). Since each monotone function of a tree 
corresponds to a labelling of that tree the considered problems can be seen within 
the context of enumerating labelled trees. 
Thus in Sections 6-9 we consider a fixed chain (1<2< .** < k} and compute 
asymptotic equivalents to the number of monotonically labelled tree structures 
where all tree structures with n nodes are assumed to be equally likely (binary trees, 
t-ary trees, ordered trees, rooted trees). Dividing this number by the number of all 
tree structures with n nodes gives the average number of monotonically labelled tree 
structures. 
The case k = 2 is of special interest: this is the case of monotone boolean functions 
(monotone boolean labellings). If we consider a fixed tree structure and all nodes v 
with f(v) = 2 such that v has no father u with f(u) =2, we count in this way the 
number of subsets of nodes where each two nodes of the subset are incomparable. 
0166-218X/83/0000-0000/$03.00  1983 North-Holland 
224 H. Prodinger, F. J. Urbanek 
For sake of better readability we briefly recall the definitions of the tree structures 
which are treated in this paper (compare Knuth [7]). 
A binary tree is a finite set of nodes which either is empty, or consists of a root 
and two binary trees called the left and right subtrees of the root. 
Similar, a t-ary tree is either empty or consists of a root and a t-tuple of t-ary 
trees. 
An ordered tree consists of a root and subtrees tl, . . . , t,,, m I 0; the relative order 
of the subtrees is important. 
If the relative order is not important, the tree structure if called rooted tree. 
Flajolet [3] uses a suggestive way to describe binary trees: Let 3 denote the class 
of all binary trees, 0 the empty tree and 0 a node. Then the above definition can be 
rewritten as 
Similar ‘equations’ can be formulated for t-ary trees and ordered trees (see 
Sections 7 and 8). 
2. T-ary trees 
Let t L 1 be a fixed integer. For each t-ary tree T let m(T) be the number of mono- 
tone bijections and 
p, = c m(T) (2.1) 
where the sum is taken over all t-ary trees with n nodes. Dividing P,, by the total 
number of t-ary trees with n nodes (see Knuth [7]) we obtain the desired average as 
(2.2) 
To compute the numbers P, we proceed as follows: Obviously PI = 1 and for sake 
of convenience PO = 1. 
Consider a t-ary tree T with n + 1 nodes which consists of a root and subtrees 
Tt, . . . . TI whose numbers of nodes are j,, . . . , j, , respectively (clearly jr + ..a + j, = n). 
All monotone bijections must assign 1 to the root of T. For the images of the 
remaining nodes { 2, . . . , n + 1 } must be partitioned into subsets A 1, . . . , At of cardina- 
lities jt, . . . . j,, respectively. This can be done in (jl, ,y,,j,) ways. Each subset A; figures 
as the range of the subtree T;. Hence 
MT11 aearn( 
Summing up over all t-ary trees with n + 1 nodes yields the recurrence 
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P n+1= (2.3) 
jjr0 
Kreweras [8] studies the family of polynomials P,,(s) defined by P&s) = 1 and the 
recurrence 
Pn+1(@= i ‘: 
0 ;=lJ I 
(S’+S’-’ + *‘* + l)Pj(S)Pn_i(S). 
So we see that formula (2.3) in the case r = 2 corresponds to the instance s = 0 in [8]. 
Defining Q,, = P,/n ! the alternative form 
(n+ l)Qn+l= i,+,zj,=n Q l***Qit 
is obtained. 
j,rO 
Let Q(z) be the generating function of the Qn’s. Since the left hand side is the 
coefficient of z” in Q’(z) and the righthand side is the coefficient of z” in [Q(z)]’ we 
obtain 
Q’= Q’, Q(o) = 1 
which has the unique solution 
Q(z) = (1 - (t - l)z)- l’ct- I). 
Expanding the righthand side we get 
Qn=( -“;-‘))(+1))“= 
l*(l +(t- l)).**(l +(t- l)(n- 1)) 
n! 
Remark that for t = 2 the nominator is n !, for t = 3 the nominator is the double 
factorial (2n - l)!! (see Meserve [9]). For our purposes we denote 
n!(‘-‘):=l*(l+(t-l))...(l+(t-l)(n-1)). (2.4) 
Thus we have computed 
p,=n!(‘-‘), (2.5) 
therefore the average number of monotone bijections on Gary trees with n nodes is 
n!(‘-‘i/ct- &+ 1 (‘n”)- 
3. Ordered trees 
(2.6) 
For each ordered tree T let m(T) be the number of monotone bijections and 
P,= c m(T) 
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where the sum is taken over all ordered trees with n nodes. Since the total number of 
ordered trees with n nodes is well known (Knuth [7]), the desired average is in this 
case 
(3.1) 
To compute P, we use similar arguments as above: PI = 1 and let PO = 0. Assume 
that a ordered tree T with n + 1 nodes has k subtrees T,, . . . , Tk with j,, . . ., j, nodes, 
respectively, 
m(T)= 
j,+..Tjkzn (j,,.II,j~)m'r,""m'Tk'. 
Summing up over all ordered trees with n + 1 nodes, we obtain the recurrence (for 
nz 1) 
(3.2) 
j,al 
Defining Qn = P,,/n !, the alternative form 
(n+l)Qn+~= k;i j,+.,;j*_n Qjl”‘Qjk 
j,z I 
is obtained. Let Q(z) be the generating function of the Qn’s. Since Q(0) =0, the 
righthand side is the coefficient of z” in 
Q 1 I+ c Qk=l+---,- 
kzl 1-Q 1-Q’ 
Hence 
Q’=L 
1 -Q’ 
Q(0) = 0. 
The unique solution of this differential equation is 
Q(z) = 1 - 1/1-22. 
Expanding the square root we get 
Q 
n 
Jn- l)!(Z) 
n! 
(nzl), Q,,=O. 
Therefore 
P,=(n-l)!(*) (nzl), PC)=0 (3.3) 
and the average number of monotone bijections on ordered trees with n nodes is 
(n-l)!(*)/+ (““n-:>. (3.4) 
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4. Asymptotic evaluation of n!(‘) 
We use the Stirling formula n ! - ~6% (n/e) n to obtain an asymptotic equivalent 
for n!(‘) for tL 1. 
n!(‘)=l*(l+t)**.(l+t(n-1)) 
1 l+t l+t(n-1) 
=r.(2t)...(nt).t.21... nt 
=t+!+)(l_~)...(l_~). 
By Knopp [6, p. 231, Satz lo] 
where A, #0 is a constant. 
In our case the constant can be determined explicitely. We can define an appro- 
priate Gamma function by 
1 
l-r(x):=- 
t-1 tx-lr x-_ 
r(l/t) ( > t . 
It is easy to see that 
n!(‘)=r,(n+ 1). 
Hence by Stirling’s formula 
nl(‘) = 1 -tnr .+ 
I-(1/t) ( > 
_ fi f” nnl/t-1,2, 0 r(w) e (4.2) 
5. Asymptotic equivalents for the average number of monotone bijections 
Using the Stirling formula for the factorials we obtain for the average number of 
monotone bijections in the case of t-ary trees the asymptotic equivalent 
(5.1) 
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In the case of ordered trees we get 
p(t$-‘(n- l)? 
(5.2) 
Dividing the first formula by the asymptotic equivalent of n! we obtain an asympto- 
tic equivalent for the ratio of monotone bijections and arbitrary bijections: 
* ~rr1’(t-i)-1~2(~)tn for t-ary trees. (5.3) 
In the case of ordered trees it is not necessary to perform this asymptotic evaluation, 
since the ratio is 
(n-1)!(2) (+(=))-lcn!,-l =2-c”-‘). (5.4) 
6. Binary trees 
Though binary trees are special t-ary trees (see Section 7), they are treated in this 
section separately, because they constitute the most important special case. 
Let gAk denote the class of monotone functions on binary trees in { 1~ 2 < .a. <k >, 
i.e. the class of binary trees whose nodes are monotonically labelled with 1,2, . . . , k. 
Furthermore let bAk’ be the number of trees in .gk with n nodes and 
(6.1) 
be the corresponding generating function. (Then .%i is the class of binary trees.) 
Furthermore let gk be the class of binary trees whose nodes are monotonically 
labelled with 2 , . . . . k+ 1. (The generating functions of Bk and gk clearly coincide.) 
Using the suggestive terminology of Flajolet [3] (compare the introduction) we 
obtain the following defining equations for the classes :sk : 
.~,(=s)=3+g,@,g 
1 1 
92=0+ 
g+, + 
_,a\_ =%+ (6.2) 
2 g1 g’1 
L&73= 9?2+ 
3 
. . . 
From these we get the following equations for the generating functions yk : 
Yl= l+zd, 
Y2 =_v + ZA (6.3) 
Y3 = Y2 + zJ$ 
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Since it is more instructive we consider first the case k=2. Using the well-known 
fact that y1 = (1 - 4-)/2z the solution of the quadratic equation for y2 is 
Y2 = 
I- -1+2+4z 
22 
=1+2z+6~2+21z3+80~4+322zs+1348z6+5814z7 
+ 25674~s +115566~~ + 5285282 lo + a.1 
Since we are interested in the asymptotic behaviour of the coefficients of y, we use 
a method originally due to Darboux which is described in Harary-Palmer [5, p. 
211f]. 
For this purpose we have to determine the singularity Z of y2 nearest o the origin 
which is given as the solution of the equation 
~z$?=z=o, 
thus z=&. Now y2 can be expanded about 2 in the form 
Yzcd =y2(7J - ,iz, G(%- w2 (6.5) 
> 
and the asymptotic behaviour of the coefficients bi2) of y2 is given by 
(6.6) 
Now we compute the first two terms of the above expansion of y2: 
Y2= 
I-&l+j/W 
2(,2,-(&-z)) * 
The denominator produces a geometric series from which we need only the 
constant. The innermost square root can be expanded in a Taylor series from which 
we need only the first two terms. Thus we have 
y2=3- 8 y (&-z)1~2+0 (&z), (+) 
and therefore 
g2~_-..& y nn-3/2, 
0 
(n+cct). 
(6.7) 
(6.8) 
From this we obtain as ratio of monotonically labelled trees and arbitrarily labelled 
trees 
4 2” 
%- 3 . 0 
For general k a similar treatment is possible; hence the asymptotic formula of the 
bCk) is always of the form n 
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b(k) 
n -pk&‘n -3’2. 
From the defining scheme of the functions yk we obtain 
yk_‘-fGt5 
22 ’ 
where 
ai(z)=1-442, ok+,(z)= - 1 +2m. 
Then qk is the solution of ok(z) = 0. Define 
r[=ak+i_[(qk) for I= 1, . . ..k. 
Then r, = 0 and r/ = - 1 + 26 or, equivalently 
rr+ 1 = +(l + rJ2. 
Now rk=(rt(qk)= 1 -4q,. Thus 
qk = a(1 - rk). 
The recursion for the r, can be transformed into the recursion for the q/: 
(6.9) 
(6.10) 
(6.11) 
(6.12) 
a=+, q/+1 =a(1 -4r). 
From De Bruijn [2, p. 154ffl (compare also Flajolet, Odlyzko [4]) 
(6.13) 
(k+w). (6.14) 
It is possible to determine the asymptotic behaviour of the sequence pk, too. For 
this purpose define ck by 
ok(z)=ci(qk-z)+ o((qk-z)3’2). 
Then 
thus (see [5]) 
Pk =ckMl/nqk. 
Now we see that 
(6.16) 
-d=&(qk), 
and since 
ai= ai_ ,/s 
we find 
(6.17) 
ai=((rk-l’(rk-2”‘(rl)-1’2’(-4), (6.18) 
(6.15) 
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thus 
ck=2(r1”‘Tk_*) -1’4. 
Again using Satz 10 of Knopp [6; p. 2311 we find 
Hence 
ck - Ck, (k-m). 
where C, C1 are constants. 
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(6.20) 
7. T-ary trees 
In this section we first consider monotone functions on t-ary trees in { 1 < 21, and 
then turn to the general case. We use the same termiIIOlOgy (,@k,yk, bfk’) as above. 
The equations now read: 
t times 
(7.1) 
t times 
. . . 
or, in terms of generating functions 
y1= 1 +zy:, 
Y2=Yl +zYL (7.2) 
. . . 
We define F(z,y) =yl +zy’-y and obtain the singularity (Z, w=y2(Z)) as the 
solution of aF/ay = 0, yielding 
tz$Y- 1= 1. (7.3) 
Now, using ZW’ = w/t, the second equation gives 
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w=y,(i)+T, t-1 or Yl (z) = w- 
t * 
The first equation gives 
and 
Since z = w1 -‘/t the singularity is 
So we find again the asymptotic behaviour 
@.,C~-nn-3/2, (n--+(X). 
The local expansion of Y2 about z starts with 
y2(z)-w-b(Z-z)“2. 
and b can be computed by means of the equation 
+b2= Iim Yi(z)(w -Y2(z)) 
z-z- 
(see Harary-Palmer [5]). Now 
Yi= 
Yl’/(l - tzu:-‘) +u; 
l-tzy;-’ ’ 
and 
1 -t&’ =I_ 22 r-1 
0 W 
= I-412. ( >( ,+a+...+ uz t-2 W W 0 > w - 
Hence 
+b2, Yk.z) + Y:m 
W 
1- tzy:-‘(z) 1 +y?m+ . . . + Yzca ‘-2 
W (> W 
(7.4) 
(7.5) 
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So the asymptotic relation 
~S)_b(~)-“+l/2~-3/2, 
2fi 
(n+@J) 
holds, where b is determined by (7.6). 
Clearly b and z depend on t. For instance, t = 3 yields 
6=2.8865585... and ~=0.1075039... . 
233 
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Now we consider monotone functions in ( 1 < 2 < +.+ <k}. In the case k = 2 we just 
have found an explicit expression for the singularity. Now we set up a recursion for 
the sequence of singularities and determine the asymptotic behaviour of this 
sequence. 
Let F(z, y) =yk- i + zy’ -y. By Harary-Palmer [5] the singularity Z of yk is given 
by the solution of dF/ay=O. Let w=y&). aF/ay=O yields Z- 1 = twr- ‘. For 
I=O, . . . . k define the numbers rl by y&,(z) = r/w. We have r. = 1 and from 
it follows 
4 
rl+i =0-i ro= 1. (7.8) 
Sinceyo= 1, w= l/rk. 
Now the asymptotic behaviour of rk will be determined. As De Bruijn [2; p. 1571 
has shown, it is easier to consider dk = t/r:- ’ which is the inverse of the singularity). 
We find 
rk+l (6) 
t-1 
dk 1_t-l t-l c-c -r + 
rk dk+l t k 
Hence 
t-1 
=l+-- 
& ( ) 
t-1 1 w)2+O(di3) 
2 z+ d; 
t-1 
=l+- 
t 1 
+ 
& 0 
2 ;7i+O(d”S) 
k 
and so 
dk+, -dk=t- 1+ 
0 
t di’+O(dc2). 
2 
Now we insert (cf. De Bruijn [2; p. 1581) dk= (t - l)k+ O(log k) into the last equa- 
tion: 
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yielding 
dk=(t-l)k++tlogk+C+O(k-‘log/c), (7.10) 
where C is a constant (clearly depending on t). 
Putting everything together we have the following asymptotic relation for the 
numbers @‘: 
bck) -p&;“n -s/2, n @-+a), (7.11) 
where pk are some constants and the behaviour of dk is given by (7.10). 
8. Ordered trees 
What we have done in Section 6 with binary trees we will do in this section with 
ordered trees and we will adopt the same notation (:2k, yk, bAk’). 
The following equations hold: 
a1= l + Q ;/ygr+ ,a,&Sr+*** 
.g, 1 
9,=@*+ 1 + @ + 0 + 0 +... 
(8.1) 
:A, ’ ># 9, 2 s<i \(J 2 2 2 
. . . 
From these we get the following equations for the generating functions yk : 
Yl =z/u -Y1), 
Y2 =Yl + z/Cl -Yz)t 
Y3=YZ+z/(l -Y3) 
(8.2) 
. . . 
As before we first settle the case k = 2: 
y2=$(3-i-- 2J/i-=&202+2) 
=2z+3z2+9z3+34z4+145z5+667z6+3312z7 
+ 16328z8+ 84430z9+445668z’O+ . . . . 
Again we compute the singularity z of y2 nearest to the origin which in this case is 
the solution of 
1/2j/G4&202+2=0, 
thus z = &. 
The expansion of y2 about z is 
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and therefore 
(8.3) 
The ratio of monotonically labelled trees and arbitrarily labelled trees is here 
4 25 lz -- - 
0 m 32 * 
For general k the coefficients bf’ behave like 
b(k) n -pkq;nnp3’2, @--+a), (8.4) 
where, again, qk is the singularity ofyk nearest o the origin, which we consider now. 
For sake of simplicity let y. = 0 and w = 1 -yk(qk). Let F(z, y) =z/(l -y) + 
yk- 1 -y. By Harary-Palmer [5] the singularity of yk is given by the solution of 
aF/ay = 0. In our case we obtain z/(1 -Y)~ - 1 = 0 from which qk = w2 follows. For 
I=O, . . . . k define the numbers rl by 
Yk-I(qk)=l-f/W* 
Then r. = 1 and from 
l-r/+lw=Yk-([+l)(qk)=Yk-/(qk)- 
qk 
1 -Yk-l(qk) 
=l-r,w-Qk=l- 
0 w 
the recursion 
1 
r/+1 =r/+-, 
r1 
fo = 1 
follows. Since yO(qk) = 0 we have 
w= l/r, and qk=W2= l/r;. 
Putting Sk = ri we get the recurrence 
1 
Sk+] =s,+-+2 
sk 
which can be handled similarily to De Bruijn [2; p. 1581 yielding 
+=2k++logk+C+O 
where C is a constant. Since qk = 1 /Sk we obtain 
(8.5) 
(8.6) 
‘+o qk=2k (k+ 00). (8.7) 
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9. Rooted trees 
In this section the monotone functions on rooted trees are considered; the number 
of rooted trees was determined by Otter [lo], we refer to Harary-Palmer [5] and 
Knuth [7]. 
Let T(z) = 1 nZOt,,zn be the generating function of the numbers tn of rooted trees 
with n nodes. There are two expressions for T: 
T(z)=z/(l -z)“(l -z2)‘2(1 -ZJ)Q... 
=zexp( C T(zWk). 
ktl 
Let S(z) = C nZO~,~” be the generating function of the numbers s, of monotone 
functions from rooted trees in { 1,2}. 
Obviously s1 =2. If n > 1, the tree has various subtrees, say, j, subtrees with 1 
vertex, j2 with 2 vertices etc. If the root is labelled with 2 we have all rooted trees 
with n nodes, if the root is labelled with 1, we may choosejk of the Sk possible trees 
in 
ways, since repetitions are allowed. Hence 
which gives (as in Knuth [7]) 
Now we take logarithms: 
log (S(z) - T(z)) = log z + ,& s, log& 
> 
S(zk) =logz+ c s,$=logz+ c -3 
/,kzl kal k 
hence 
S(z) = T(z) + z exp (,!, S(zkVkh 
> 
By differentiation, 
S’(z) = T’(z) + s(z) - T(z) + (S(z) - T(z))kFl S’(zk)zk- l, z 
z 
so we find by equating coefficients 
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~~+~~~,+1=~~+~~~,+1+~~+1-~~+1 
+ ,F, (%+I-/-fn+l-/) c %dk 
> k,l 
kl’ 
or 
nsn+l=ntn+l + c ksk c (%+I-kl-fn+l-k/h 
kzl Ial 
(9.2) 
If we write gn,k for the last sum, we see 
&,k=%+l-k+&pk,kr 
thus the numbers s,, are easy to compute; we find 
S(z)=2z+3z2+8z3+22z4+67z5+209z6+689z7+2322zs 
+8052z9+28439z10+102179z11+372006z12+1370244z13 
+5095914z14+19111296z15+72191676zn’+274429422z17 
+1049025958z18+4029804553z19+15548637165z20+~~~ (9.3) 
Now we turn to the asymptotic behaviour of s,,; this can be done in similar way as in 
Harary-Palmer [5]; so we do not go very much into the details. 
Since 2” tn >s, > t,,, there is a singularity v with +p I v 5~ (p is the singularity of 
T(z)) and 
lim S(z) = c Sk vk. 
Z-Y- kal 
Now define 
F(z,y)= T(z)+zexp Y+ kgZS(zk)/k -Y; 
( z > 
y = S(z) is the unique analytic solution of the equation F(z, y) = 0; the singularity is 
found as the solution of dF/ay = 0: 
g=F(z,y)- T(z)+y- 1=0 
or 
S(v) - T(v) = 1. 
Now we prove v<p: assume v =p, so 
hence 
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On the other hand, since T(U) = 1, 
This is a contradiction to s,, > t,, 
S(z) may be expanded about v: 
S(z)=S(v)-cJv-z+O(v-z). 
S(v) = 1 + T(v) and 
+c2 = lim S’(z)@(v) - S(z)). 
Z-Y- 
Now 
S’(z) = T’(z) + 
S(z) - T(z) 
+ (S(z) - T(z)) c S’(zk)zk-’ z 
kal 
and 
S’(z) [l + T(z) - Wz)l 
= T’(z) + s(z);T(z)+(S(z)-T(z)) CS’(zk)zk-’ 
kz2 
so we find 
+c2= T’(v)+l+ c S’(vk)vk-1. 
V ka2 
Now v fulfills 
1 = vexp(1 + T(v) + c S(vk)/k) 
k,l 
and we find v = 0.2396229.. . and c = 3.8453257.. . Hence 
s,-0.531288... (4.173224...)“~~‘~, 
$- 1.20766821... (0.7059465)“. 
n 
(9.4) 
We give some comments on the general case { 1 < 2 < ... <k}. Set T, = T and T2 = S, 
so there is the system of equations 
Tl = 
> 
, 
(9.5) 
T3 = T2 +zexp c T3(zk)/k , 
kal > 
. . . 
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We obtain a sequence of singularities pl >p2 >p3 > . . . . For the coefficients 6’) of n 
Tj(z) there are recurrences 
nt(i+ 1) 
n+l q&l + c ,,f,‘) (9.6) 
kal 
,F, ~~wkl- CL 1 -k/I 
(t(O) = 0) and n 
t$) _ cip;nn -3/z, (n+m). (9.7) 
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